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Tightly focused light beams can exhibit electric fields spinning around any axis including the one
transverse to the beams’ propagation direction. At certain focal positions, the corresponding local
polarization ellipse can degenerate into a perfect circle, representing a point of circular polarization,
or C-point. We consider the most fundamental case of a linearly polarized Gaussian beam, where –
upon tight focusing – those C-points created by transversely spinning fields can form the center of
3D optical polarization topologies when choosing the plane of observation appropriately. Due to the
high symmetry of the focal field, these polarization topologies exhibit non trivial structures similar
to Mo¨bius strips. We use a direct physical measure to find C-points with an arbitrarily oriented
spinning axis of the electric field and experimentally investigate the fully three-dimensional polar-
ization topologies surrounding these C-points by exploiting an amplitude and phase reconstruction
technique.
PACS numbers: 03.50.De, 42.25.Ja, 42.50.Tx
Introduction.—Structured light fields represent impor-
tant tools in modern optics due to their multitude of
different applications, for example in microscopy [1–3],
nano-optics [4–7] and optical trapping [8, 9]. In general,
the spatial tailoring of amplitude, phase and polariza-
tion of paraxial or non-paraxial light beams can lead to
interesting and sometimes complex topological structures
of the electric field such as phase vortices [10, 11], opti-
cal knots [12, 13] and optical polarization Mo¨bius strips
[14–16]. The latter are linked to the presence of so-called
C-points or C-lines in the field distribution, i.e. positions,
where the local polarization ellipse degenerates to a circle
and the field is circularly polarized [17]. While polariza-
tion Mo¨bius strips have been predicted a decade ago and
investigated ever since [18], only recent advances in nano-
optics, in particular 3D amplitude and phase reconstruc-
tion techniques at the nanoscale [19], enabled their ex-
perimental verification [16]. This was achieved by tightly
focusing a light beam with spatially varying polarization
spanning the full Poincare´ sphere [20–22]. In the focal
plane of such a full Poincare´ beam, this yields a complex
fully vectorial field structure, including a C-point on the
optical axis with the electric field spinning around said
(longitudinal) axis. Tracing the major axis of the polar-
ization ellipse around this C-point allowed for revealing
optical polarization Mo¨bius strips hidden in the focal po-
larization distribution [16].
In more general field distributions, C-points with an arbi-
trarily oriented spinning axis of the electric field might be
observed. This includes the special case of a spinning axis
perpendicular to the optical axis [17], which indicates the
presence of purely transverse spin angular momentum
(tSAM) [23]. While the rising interest in this intriguing
polarization component is strongly linked to its occur-
rence in highly confined fields within guided modes and
plasmons [24–26], it was shown that tSAM is also natu-
rally present in many focusing scenarios [6, 23, 27–29]. As
an example, even an ordinary beam such as a linearly po-
larized fundamental Gaussian beam exhibits transversely
spinning fields when tightly focused [6, 29, 30]. In this
case, the transverse (E⊥) and longitudinal (Ez) electric
field components exhibit in the focal plane a pi/2 phase
difference with respect to each other, and positions where
both field components have the same amplitude repre-
sent C-points that are linked to purely tSAM. This raises
the question, whether those focal C-points of a Gaussian
beam also exhibit complex polarization topologies.
In this paper, we investigate the occurrence of Mo¨bius-
like optical polarization topologies in the focal field dis-
tribution of a tightly focused linearly polarized Gaussian
beam. Furthermore, we show the generation of optical
polarization Mo¨bius strips around C-points with non-
zero transverse spin in the experimental realization of the
mentioned field configuration using a nanointerferomet-
ric amplitude and phase reconstruction technique [19].
C-points, transverse spin and optical polarization Mo¨bius
strips.—When examining polarization topologies in fully
vectorial and highly confined structured light fields, the
electric field E at each point r is in general oscillating in
a plane oriented arbitrarily in space. This means, that
the local field can be described by a polarization ellipse
with its major axis α(r), minor axis β(r) and normal
vector γ(r) defined in 3D-space by [31]
α =
1
|√E ·E| Re
(
E∗
√
E ·E
)
,
β =
1
|√E ·E| Im
(
E∗
√
E ·E
)
, (1)
γ = Im (E∗ ×E) ,
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2with E∗ denoting the complex conjugate of the field.
Thus, the field is oscillating in the plane spanned by α
and β. The normal vector γ is, in this definition, directly
proportional to the electric part of the spin density [32–
34]
sE (x, y, z) =
0
4ω
Im (E∗ ×E) , (2)
with 0 the permittivity of free space and ω the angu-
lar frequency of the monochromatic light field. Since the
electric spin density specifies the orientation and sense of
the spinning axis of the local electric field and represents
a physically measurable quantity [29, 33], an elegant and
straight forward method to determine points of arbitrar-
ily oriented circular polarization (C-points) in a vectorial
light field is to normalize sE with the energy density of
the electric field, wE =
0
2
(
|Ex|2 + |Ey|2 + |Ez|2
)
[32].
This amplitude-independent measure is maximized when
the polarization ellipse degenerates to a circle, and we
thus can define a simple requirement for C-points:
|sE |
wE
=
1
2ω
. (3)
As discussed before, the polarization ellipse can show
intriguing topological patterns around such points in
space. By choosing a plane of observation containing the
C-point and with the normal vector of that plane parallel
to the spinning axis γ of the electric field at this C-point,
fundamental polarization topologies with a topological
index of ±1/2 (in contrast to the integer numbered
topological index of phase vortices) can be revealed
[17, 35]. This half integer index is allowed, since the
orientation of a (polarization) ellipse is indistinguishable
under a rotation by pi [15].
Within the aforementioned formalism, we investigate
the field distribution of a tightly focused y-polarized
Gaussian beam propagating along z. This scenario
corresponds to one of the most fundamental beam
configurations in optics labs and is used in many exper-
imental studies. Figure 1(a) depicts the electric energy
density and phase (insets) distributions of all three
Cartesian components in the focal plane [30, 36] for a
numerical aperture of 0.9, a wavelength of λ = 530 nm
and a fill-factor of the focusing aperture of w0/f = 1.21.
The dominant field component |Ey|2 has its maximum
on the optical axis, while the longitudinal field |Ez|2
shows a two-lobe structure, elongating the focal spot
along the y-axis [30, 37]. The crossed polarization
component |Ex|2, occurring analog to the longitudinal
field component due to a rotation of the polarization
components upon focusing, exhibits the characteris-
tic four-lobe structure observed in cross-polarization
measurements in many microscopy studies [38] and
referred to as depolarization [39]. Considering the
relative phases between the field components, we see
that the longitudinal component is ±pi/2 out of phase
with respect to the in-phase transverse components,
indicating purely transversely spinning fields throughout
the focal plane. This can also be seen in the components
of the electric spin density (see Fig. 1(b) and Ref. [29])
and is a feature exhibited by many fundamental beams
after tight focusing. The strongest and, therefore,
dominant component of the electric spin density is sxE ,
with syE being weaker by one order of magnitude. As
expected, the longitudinal component szE is identical
zero, which implies that points of circular polarization
in this case can only be linked to tSAM. In order to
determine those C-points of purely transverse spin, the
ratio |sE | /wE is plotted in Fig. 1(c). The red solid
lines mark the C-lines, or equivalently, lines along which
Eq. (3) is fulfilled. It is worth mentioning, that in this
theoretically calculated field distribution, C-points can
only be found in the actual focal plane of the linearly
polarized tightly focused Gaussian beam. This is also
shown in Fig. 2(a), where the polarization ellipses are
plotted as solid white lines on a cross-section of the
electric energy density in the yz-plane for x = 0. Due
to the different phase velocities for the transverse and
longitudinal electric field components of the tightly
focused beam, all polarization ellipses outside the focal
plane form ellipses, which in the far-field (z  λ) have
to transform to the initially linear polarization. It can
be seen in Figs. 1(c) and 2(a) that along the y-axis in
the focal plane additional C-points can be found further
away from the optical axis.
In the following, we concentrate on three specific
C-points and investigate their polarization topologies in
appropriately selected planes of observation. First, we
examine a C-point on the y-axis (C1), approximately
275 nm away from the optical axis (see black crosses
in Figs. 1(a-c)), and look at the local polarization
ellipses in its principal plane (here, the yz-plane).
All electric field vectors and, therefore, also the local
polarization ellipses in this plane are in-plane only, since
Ex(0, y, z) = 0 (see also Fig. 1(a)). Thus, we can use
2D polarization topologies to characterize the points
of circular polarization in the chosen meridional plane
of observation. With the terminology developed in
Refs. [17, 35], C1 represents a lemon-type polarization
topology. The major axis of the polarization ellipse
rotates clockwise when traced clockwise around the
central C-point and it performs a rotation of pi (see
the upper part of Fig. 2(b)). Thus, the topological
index of C1 is +1/2. In contrast, the next C-point (C2)
on the y-axis at a distance of approximately 455 nm
shows a star-type polarization topology (see the lower
part of Fig. 2(b)), associated with an index of −1/2.
This alternation of the two different planar topologies
continues when moving further away from the optical
axis.
Despite these sign changes of the topological index, the
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FIG. 1. (color). (a) The theoretically calculated components of the focal electric energy density distribution |Ex|2, |Ey|2 and
|Ez|2 of a tightly focused linearly y-polarized Gaussian beam, normalized to the maximum electric energy density. Corresponding
phase distributions are plotted as insets. (b) The distributions of the two non-zero components of the transverse spin density
sxE and s
y
E in the focal plane (normalized to the maximum value of s
x
E). Due to the symmetry of the light field, s
z
E is identical
zero across the whole focal plane. (c) Focal distribution of |sE | normalized to the local electric energy density wE . The red
solid lines correspond to the maximum value 1
2ω
. The black and gray markers in all distributions correspond to the considered
C-points C1 on the y-axis and C1∗ on the bisector of the positive x- and y-axis, while the gray dashed lines show the principal
plane of their polarization circle.
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FIG. 2. (color). (a) The electric energy density distribution in the yz-plane, superimposed by the local polarization ellipses in
white. Details in the vicinity of the first two C-points C1 and C2 along the y-axis are shown as insets. (b) Trace of the major
axis of the polarization ellipse around the C-points marked in red in the insets in (a). (c) Arising optical polarization topology
when tracing around C1∗ (in the principal plane of its polarization ellipse with local coordinates x′, y′, z′ = z) with a trace
radius of 100 nm. The occurring weak x′-component of the electric field is magnified 4 times to show the orientation of the
major axis of the polarization ellipse more distinctly. The definitions of the axes in an arbitrary polarization ellipse are shown
as inset. The magnified part of the trace shows the major axis rotating into the principal plane and pointing along the trace
direction.
general structure of the occurring polarization topology
and its local electric fields is limited to the yz-plane
due to the missing out-of-plane electric field component.
This means, that no 3D topologies can be observed in
the yz-plane, which is the plane of symmetry of the
overall focusing geometry. However, the symmetry can
be broken by investigating a C-point off the y-axis
and choosing the principal plane of its polarization
ellipse as plane of observation. Since along a C-line,
the topological index of the polarization singularity is
conserved [17], we examine exemplarily the C-point on
the bisector of the positive x- and y-axis closest to the
optical axis (C1∗). Observing the field structure around
this point in the coordinates x′, y′, z′ (with z′ = z)
of its principal plane marked with a gray dashed line
in Fig. 1(c), the electric field in the surrounding of
the C-point exhibits a 3D field configuration due to a
non-zero Ex′ -component, see also Fig. 1(a). This 3D
field causes the major axis of the polarization ellipses
around the C-point to tilt out of plane. As a result,
the previously two-dimensional ellipse field around C1
is transformed into a 3D structure around C1∗ with a
topology similar to an optical polarization Mo¨bius strip
(see Fig. 2(c)). To highlight the out-of-plane orientation
of the polarization ellipses, the x′-components of the
plotted major axes are magnified by a factor of 4. The
position of the discontinuity present in the trace of
the major polarization axis is given by an arbitrary
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FIG. 3. (color). (a) Sketch of the experimental setup for the reconstruction of the generated highly confined field distribution.
An SEM image of the employed gold nanoprobe is shown as inset. (b) The experimentally reconstructed focal distribution of
|sE | /wE and the projections of the two innermost C-lines. The lower part depicts the projection of these C-lines onto the focal
plane and the corresponding distribution of |sE | /wE . The red lines in the upper part of (b) depict the 3D trajectories of both
C-lines, which are crossing the focal plane (transparent white plane) repeatedly. The marked C-point C1∗ corresponds to the
one considered in (c). (c) Optical polarization Mo¨bius strip with one half-twist, generated by tracing the major axis of the
polarization ellipse around the C-point on the bisector of the positive x- and y-axis in the plane normal to its local spin vector,
marked in gray. The trace radius was chosen to be 100 nm. The magnified part of the trace shows that the major axis is, due
to slight phase aberrations, not at the same time parallel to the principal plane and pointing along the trace direction. The
occurring weak x′-component of the electric field is magnified 4 times to show the half-twist of the major axis of the polarization
ellipse more distinctly.
choice of the offset phase of the field (as in the planar
case, also seen in the projection onto the y′z′-plane
in Fig. 2(c)). It is important to mention again, that
all components of the electromagnetic field are fully
continuous at this point, only the major axis of the
polarization ellipse exhibits a discontinuity. In contrast
to the optical polarization Mo¨bius strips investigated in
Refs. [14–16], the major axis of the polarization ellipse
coincides at one position along the chosen trace with
the direction of the trace around the C-point (for C1∗:
z′ = 0, y′ = 0.1 µm, see magnified part of Fig. 2(c))
due to the purely tSAM in the whole focal plane. In
other words, the major axis of the polarization ellipse
is tangential to the trace at this point. This special
orientation prevents the determination of the actual
twist-number of the major polarization axis when traced
around the C-point, rendering this case different from a
generic Mo¨bius strip. However, as will be shown later
on, only slight aberrations in the focal field distribution,
for example due to experimentally unavoidable phase
aberrations, might lead to a distribution exhibiting not
only purely tSAM. This implies, that the major axis
of the polarization ellipse is not tangential to the trace
anymore, and even at points with locally purely tSAM,
the slight aberrations of the focal field will lead to a
Mo¨bius topology.
Experimental approach and results.—To verify this
theoretical prediction, the experimental setup sketched
in Fig. 3(a) [40] was used. The incoming linearly
y-polarized Gaussian beam is tightly focused by a first
microscope objective (MO) with a numerical aperture
(NA) of 0.9. A single spherical gold nanoparticle (radius
r = 42 nm), acting as a local nanoprobe, is immobilized
on a glass substrate and scanned through the focal plane.
A second MO (immersion type, NA = 1.3) collects the
transmitted field, including the light scattered off the
particle in the forward direction. For each position of the
nanoprobe relative to the optical axis, back-focal-plane
images of the second MO are acquired, corresponding to
the angular spectrum transmitted into the forward direc-
tion. This experimental data can be used to reconstruct
the full vectorial focal field distribution following the
technique introduced in [19], since amplitude and phase
information are encoded in the angular interference
between the transmitted beam and the scattered light.
More details about the experimentally measured scan
data and the resulting focal field distribution can be
found in the Supplementary Material [41].
Figure 3(b) illustrates the experimentally achieved dis-
tribution of |sE | /wE , calculated from the reconstructed
fully vectorial electric field distribution. Due to small
experimental deviations from the theoretically expected
field distribution, the experimentally reconstructed
C-lines are located not only in the focal plane, but
cross it repeatedly. These deviations from the theoret-
ically expected field pattern can be explained by small
aberrations of the incoming beam and the microscope
objective. Tracing the major axis of the polarization
ellipse around the C-point at the same bisector used in
Fig. 2(c) (gray crosses in Fig. 1) in the principal plane of
its polarization ellipse results in the optical polarization
Mo¨bius strip with one half-twist as depicted in Fig. 3(c).
This C-point is not a point of purely tSAM in the ex-
perimental case due to the experimentally present phase
aberrations, and thus leads to the shown Mo¨bius strip in
agreement with the theoretical predictions. Also here,
5the out-of-plane component of the field was magnified
by a factor of 4 to highlight the twist that can be seen
in the magnified inset in Fig. 3(c). To confirm that also
C-points with purely tSAM exhibit these polarization
topologies, the major axis of the polarization ellipse
was additionally traced around such a C-point, and
the obtained polarization Mo¨bius strip can be seen
in the Supplementary Material. This demonstration
of an optical polarization Mo¨bius strip confirms the
occurrence of this topological structure even in the basic
scenario of a tightly focused linearly polarized beam.
Conclusion.—We investigated optical polarization
topologies in a tightly focused linearly polarized Gaus-
sian beam and showed that a special case of a Mo¨bius-like
topology, directly linked to the purely transverse spin
density of the light field and the associated C-lines
in the focal plane, can be observed. By defining an
appropriate plane of observation, we were able to trace
the existing polarization topology around a C-point with
a purely transverse spinning axis of the electric field.
This Mo¨bius-like topology is present in an ideal beam
at all C-points located off the beam’s symmetry axes.
As experimental verification of the realized polarization
topologies, we applied an interferometric nanoprobing
technique, where slight aberrations of the focal field lead
to the observation of generic optical polarization Mo¨bius
strips.
Our results demonstrate, that even fundamental optical
fields such as linearly polarized Gaussian beams can
exhibit complex 3D polarization topologies under (tight)
focusing conditions.
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In these supplementary materials, we show the detailed experimentally measured data of a linearly
y-polarized tightly focused Gaussian beam and the corresponding focal field distribution, resulting
from a nanointerferometric reconstruction technique [1]. A short overview of the employed scheme
is given and the spin density distributions derived from the experimentally reconstructed focal field
are shown. To highlight the experimental occurrence of polarization Mo¨bius strips in tightly focused
light fields with minute phase aberrations, even around C-points with purely transverse spin, the
experimentally realized trace of the major axis of the polarization ellipse is shown around such a
C-point with purely transverse spin.
PACS numbers: 03.50.De, 42.25.Ja, 42.50.Tx
The experimental reconstruction of the focal field dis-
tribution of a tightly focused y-polarized Gaussian beam
is realized with the setup schematically shown in Fig-
ure 3(a) of the main manuscript and described in detail
in Ref. [1]. A high numerical aperture (NA) objective
with an NA of 0.9 and a focal length of f = 1.65 mm
focuses the beam (beam width w0 = 2 mm, wavelength
λ = 530 nm) to its diffraction limited focal spot. A single
spherical gold nanoprobe with a radius of 42 nm, immo-
bilized on a glass substrate, is scanned step-wise through
the focal plane with a lateral precision of approximately
2 nm. The light transmitted and scattered into the for-
ward direction is collected by an oil-immersion micro-
scope objective (NA = 1.3), and its back focal plane
(BFP) is imaged onto a camera. Integrating over dif-
ferent sectors of the BFP image for each position of the
nanoprobe relative to the focal field distribution then al-
lows for recording scan images corresponding to different
collection angles. The resulting scan images for two inte-
gration sectors with an area spanning the full azimuthal
angle around the optical axis and four angular sectors
each spanning an azimuthal angle of 1 rad are shown in
Fig. 1, with the chosen sectors displayed superimposed
on a symbolic BFP image in the first row for each inte-
gration range.
The integration over the intensity distribution in the
BFP up to an NA of 0.8 results in a scan image whose
transmittance distribution is slightly elongated along the
y-direction. This elongation is an indication of the ex-
pected longitudinal electric field component along the
initial polarization direction due to the sensitivity of the
collection angle to both the transverse and longitudinal
electric field components. Reducing the integration ra-
dius to an NA of 0.5 reduces the collection efficiency of
the longitudinal electric field component with respect to
the transverse components, leading to a nearly rotational
symmetric scan image, as can be seen in Fig. 1(b). An
integration of the transmitted intensity over an angu-
lar sector rather than a full 2pi solid angle in the BFP
of the collection objective (see Figs. 1(c-f)) reveals the
interferometric information necessary to reconstruct the
full three-dimensional amplitude and phase distribution
of the focal field. Here, the sector integrated scan im-
ages show a two-lobe pattern each, with the power in
one lobe dropping below the collected background power.
The orientation of the two lobes depends on the orienta-
tion of the angular sector in the back focal plane. The
chosen sectors represent essentially four different obser-
vation directions of the interaction of the focal field with
the nanoprobe.
The experimental far-field intensity data presented in
Figure 1 is used as input vector for the reconstruction
algorithm described in detail in Ref. [1]. The basic con-
cept of the algorithm is the decomposition of the fo-
cal field distribution into vector spherical wave functions
(VSWFs) [2] and the subsequent analytical expression of
the scattering off the nanoprobe via generalized Lorenz-
Mie theory, including the interaction with the air-glass
interface.
The focal field distribution Ein can – in this VSWF
basis – be written as
Ein(r) =
∞∑
n=1
n∑
m=−n
AmnMmn(r) +BmnNmn(r) , (1)
with Mmn and Nmn representing regular VSWFs that
can be associated with magnetic and electric multipoles,
respectively, and are expanded around the geometrical
focus of the beam [2]. With this decomposition the full
focal field information is contained in the complex ex-
pansion coefficients Amn and Bmn. The interaction of
the focal field distribution with the well characterized
nanoprobe (here: spherical gold nanoparticle with radius
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FIG. 1. (color). Experimentally achieved scan images of a tightly focused linearly (y-polarized) Gaussian beam for the angular
ranges shown in the back focal plane of the collection microscope objective (first row), and comparison with the scan images
derived from the reconstructed focal field distribution (last row).
3r = 42 nm and relative permittivity Au = −3.4 + 2.4ı at
λ = 530 nm) is then following classical scattering theory,
where the transmission and reflection at the air-glass in-
terface is taken into account using an effective scattering
matrix Tˆeff (see Ref. [1] for details of this matrix). The
total field transmitted in the forward direction can thus
be calculated by
Et(r) = Ein,t +Esca,t =
(
1 + Tˆeff
)
Ein,t , (2)
where Ein,t is the examined focal field and Esca,t the field
scattered off the nanoprobe, both transmitted trough the
air-glass interface via Fresnel equations.
The angularly resolved optical power of the transmit-
ted light Pt(θ, φ) in the BFP of the collection objective
can be written as:
Pt(θ, φ) = Pin + Psca + Pext (3)
Pext =
1
2
Re (E∗in ×Hsca +E∗sca ×Hin) ,
with Pin, Psca and Pext representing the part of the op-
tical power originating from the initial light field, the
scattered field, and the interference between both fields,
called extinction in classical Lorenz-Mie-theory. The
magnetic field components of the scattered and incom-
ing light are represented by H.
This angularly resolved detection of the optical far-
field power allows for integrating over sectors with differ-
ent effective observation directions, preserving the inter-
ference information about the relative phase between the
different expansion coefficients and thus between the fo-
cal field components. By using a fixed cut-off of the mul-
tipolar expansion order (here: maximum order of n = 8),
it is possible to unambiguously invert the set of equations
relating the far-field power collected in different angular
sectors for all positions of the nanoprobe relative to the
focal field to the complex VSWF expansion coefficients.
Ultimately, this permits the reconstruction of the ampli-
tude and phase distribution of all three focal electric field
components.
With the experimental scan images shown in Figure
1 as input, the reconstruction algorithm leads to a set
of multipolar expansion coefficients that can be used to
calculate a set of reconstructed scan images using the
same integration range as in the experiment (see last
row for each angular range in Fig. 1), exhibiting an ex-
cellent overlap with the experimental input data. The
experimentally determined focal field distribution of the
electric field components shown in Figure 2 can then be
calculated from these reconstructed multipolar expansion
coefficients.
These results also allow for determining the spin an-
gular momentum density at each point in the focal plane
using the relation
sE =
0
4ω
= (E∗ ×E) , (4)
already displayed as Eq. (2) in the main manuscript. The
resulting experimentally retrieved focal distributions are
in good agreement with the distributions calculated by
vectorial diffraction theory ([3]; see also Fig. 1 in the
main manuscript). The non-zero longitudinal spin distri-
bution present in the experimental field is caused by the
non-planar phase profiles of the focal electric field com-
ponents, which can be seen in the slight deformations of
the x-components of the reconstructed electric field.
With the obtained decomposition of the reconstructed
focal field distribution into VSWFs, the electric field can
be retrieved not only in the focal plane but in a vol-
ume around the focus (see Fig. 3 in the main manuscript
and Fig. 3(a)). To investigate the optical polarization
topologies present in this field around C-points associ-
ated with points of purely transverse spin density, the
field in the focal volume can be examined for points with
|sE |
wE
= 12ω (see Eq. (3) in the main manuscript) and
szE = 0. For the focal distributions shown in Figure 2,
this set of conditions is fulfilled at the point C1t with
coordinates x = −100 nm, y = −269 nm, and z = 3 nm
(see Fig. 3(a)). The normal vector of the principal plane
of the polarization ellipse at this point is thus located
in the transverse plane, confirming the point to exhibit
purely tSAM.
Tracing the major axis of the polarization ellipse α(r)
on a circle with radius 100 nm around said C-point C1t
results in the optical polarization Mo¨bius strip shown
in Fig. 3(b). Due to the non-planar phase front in all
three electric field components in the transverse plane
of the tightly focused light beam through this chosen C-
point, the Mo¨bius-like polarization topology present in
the numerically considered focal field distribution evolves
to a generic Mo¨bius strip with one half twist, as can be
seen by the inset in Fig. 3(b). The major axis of the
polarization ellipse at the trace point with z′ = 0 is tilted
out of the principal plane of the C-point, allowing for
unambiguously designating a twist index of +1/2 to this
Mo¨bius strip.
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FIG. 2. (color). (a) Experimentally reconstructed electric energy density distributions |Ex|2, |Ey|2 and |Ez|2, and their
respective relative phase distributions Φx, Φy and Φz (insets) in the focal plane. The energy density distributions are normalized
to the maximum total electric energy density |E|2. (b) Components of the electric spin density sxE , syE and szE , derived from
the reconstructed electric field. The spin density distributions are normalized to the maximum total spin density |sE |.
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FIG. 3. (color). (a) The experimentally reconstructed focal distribution of |sE | /wE and the projections of the two innermost C-
lines. The lower part depicts the projection of these C-lines onto the focal plane and the corresponding distribution of |sE | /wE .
The red lines in the upper part of (a) depict the 3D trajectories of both C-lines, which are crossing the focal plane (transparent
white plane) repeatedly. The marked C-point C1t corresponds to the one considered in (b). (b) Optical polarization Mo¨bius
strip with one half-twist, generated by tracing the major axis of the polarization ellipse around the C-point with purely tSAM
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